Spectroscopy of hydrogen can be used for a search into physics beyond the Standard Model. Differences between the absorption spectra of the Lyman and Werner bands of H 2 as observed at high redshift and those measured in the laboratory can be interpreted in terms of possible variations of the proton-electron mass ratio µ = m p /m e over cosmological history. Investigation of some ten of such absorbers in the redshift range z = 2.0 − 4.2 yields a constraint of |∆µ/µ| < 5 × 10 −6 at 3σ. Observation of H 2 from the photospheres of white dwarf stars inside our Galaxy delivers a constraint of similar magnitude on a dependence of µ on a gravitational potential 10 4 times as strong as on the Earth's surface. While such astronomical studies aim at finding quintessence in an indirect manner, laboratory precision measurements target such additional quantum fields in a direct manner. Laser-based precision measurements of dissociation energies, vibrational splittings and rotational level energies in H 2 molecules and their deuterated isotopomers HD and D 2 produce values for the rovibrational binding energies fully consistent with quantum ab initio calculations including relativistic and quantum electrodynamical (QED) effects. Similarly, precision measurements of high-overtone vibrational transitions of HD + ions, captured in ion traps and sympathetically cooled to mK temperatures, also result in transition frequencies fully consistent with calculations including QED corrections. Precision measurements of inter-Rydberg transitions in H 2 can be extrapolated to yield accurate values for level splittings in the H + 2 -ion. These comprehensive results of laboratory precision measurements on neutral and ionic hydrogen molecules can be interpreted to set bounds on the existence of possible fifth forces and of higher dimensions, phenomena describing physics beyond the Standard Model.
Introduction
With the detection and first characterization of the Higgs particle [1, 2] the Standard Model of physics has seemingly become complete. A full description in three families of fundamental material particles behaving as fermions, acting upon each other through three fundamental forces via bosonic force-carrying particles, has been formulated in a consistent framework. However, a number of physical phenomena are not contained in the Standard Model (SM): dark matter and dark energy are not explained; a connection of the three fundamental SM-forces to gravity cannot be made; and neither is it understood why gravity is such a feeble force. Deeper questions as to why the Universe is built in 3+1 dimensions, why there exist only 4 forces, and whether the constants of nature may depend on cosmological history or on local space-time conditions remain unanswered as of yet.
It is the paradigm of the present paper that molec-ular physics may contribute to finding answers to these questions. The recent searches for a dipole moment of the electron, setting tight constraints of |d e | < 8.7 × 10 −29 e·cm, have already ruled out some supersymmetric extensions to the Standard Model. These studies take advantage of the very strong internal polarizing fields of ∼ 10 11 V/cm in YbF [3] and ThO [4] molecules as well as of HfF + ions [5] . At the most fundamental level laser spectroscopic investigations of molecules can be applied for an experimental test of the symmetrization postulate of quantum mechanics. The fact that integer-spin species must exhibit a symmetric wave function upon interchange of identical particles makes that certain rotational quantum states in the 16 O 2 [6, 7, 8] or in the 12 C 16 O 2 [9, 10] molecule cannot exist. This provides an experimental platform for the investigation of the symmetrization postulate.
A search for varying constants implies a search for physics beyond the SM. The fact that the fundamental coupling strengths and other constants such as the mass ratios between particles are inserted as parameters in the fundamental theory suggests that these fundamental constants can be varied at will. However, a time-variation or a space-time dependence of these constants should be phrased in field theories, and in order for those to remain consistent, even in the simplest approaches, additional fields have to be invoked [11, 12] . Such fields can also be associated with fifth forces or quintessence [13] .
The hydrogen molecule is an experimental probe for detecting a possible variation of the protonelectron mass ratio µ = m p /m e , a dimensionless constant of nature. The strong dipole-allowed spectrum of the Lyman and Werner bands in the vacuum ultraviolet spectral range provides a sensitive tool for detecting H 2 . Observation of H 2 absorption spectra, redshifted into the atmospheric transmission window (λ > 300 nm) with ground-based telescopes constrain putative variations of µ over time. Since H 2 is the most abundant molecule in the Universe, it is readily observed even up to redshifts as high as z = 4.2 [14] providing look-back times of 12.5 billion years into cosmic history. Alternatively, H 2 absorption spectra as observed from photospheres of white dwarf stars can be employed to probe whether this constant µ depends on special local conditions, such as e.g. gravitational fields.
Another approach toward probing new physics from molecules is to carry out ultra-precise measurements on level energies of molecules under wellcontrolled laboratory conditions. A historical inspiration is drawn from the discovery of the Lamb shift in atomic hydrogen [15] , where a measurement of a small shift in the relative energies between 2s 1/2 and 2p 1/2 levels led to the birth of quantum electrodynamics (QED), the modern theory describing the interaction between light and matter. In a similar fashion QED-calculations of small molecular systems can be tested in precision laser spectroscopic experiments to search for phenomena beyond QED. Any deviations from first principles calculations in the framework of QED can be interpreted in terms of physics beyond the Standard Model, in terms of fifth forces or quintessence, in terms of extra dimensions, or as any other phenomenon beyond the Standard Model. Here the status of such searches for new physics from spectroscopy of hydrogen molecules and molecular ions will be discussed.
The remainder of the paper is structured as follows. In sections 2 and 3 the use of the H 2 spectrum for a search for a varying proton-electron mass ratio is discussed, either on a cosmological time scale or as a local variability with dependence on a gravitational field. In section 4 a number of recent precision measurements on the H 2 molecule, including its dissociation limit, its fundamental ground state vibrational splitting, as well as level energies of a sequence of rotational states and a high vibrational level, are presented. In section 5 some recent precision measurements on the H + 2 /HD + molecular ions are discussed. These outcomes of experimental precision studies are compared with the most advanced QED-theoretical calculations for these benchmark molecules in section 6. The agreement found between the experiments and theory is interpreted, in section 7, in terms of setting bounds on a fifth force and on extra dimensions, both concepts beyond the Standard Model of physics. In the final section 8 an outlook is presented on perspectives to perform more sensitive searches for new physics in these areas.
A cosmologically varying proton-electron mass ratio
Searches for temporal variations of the protonelectron mass ratio µ = m p /m e can be conducted by comparing absorption spectra of molecules observed astronomically from high redshift objects with the same spectra measured in the laboratory. Such comparisons can be made for many molecules [16] , but molecular hydrogen is often a species of choice since it is the most abundant molecule in the Universe, and readily observed at medium to high redshifts. The relative variation of µ can be deduced by imposing the following relation to the obtained redshifted wavelengths λ 
Here the redshift parameter z abs relates to the overall redshift of the absorbing hydrogen cloud, and the parameters K i represent the sensitivity coefficients expressing the induced wavelength shift upon a varying µ for each individual line in the absorption spectrum of H 2 [17] :
The laboratory wavelengths λ 0 i are determined in laser-based experiments of the
Werner bands of H 2 via extreme ultraviolet laser spectroscopy [18, 19, 20 , 21] achieving accuracies of ∆λ/λ = 5 × 10 −7 . Even better accuracies were obtained in a study measuring anchor level energies in two-photon Doppler-free excitation of the
, combined with results of a comprehensive Fourier-transform emission study delivering relative values for rovibrational levels in
. This two-step process yielded accuracies of ∆λ/λ = 5×10 −8 [24] for a number of Lyman and Werner band lines. For the purpose of comparing with quasar absorption spectra the laboratory values for the absorption wavelengths may be considered exact.
The overall redshift z abs is, within a good approximation, connected to a look-back time T into the cosmological history of the Universe
where T 0 = 13.8 Gyrs is the age of the Universe. A possible small differential effect on the absorption spectrum, due to a varying proton-electron mass ratio and represented by a relative change ∆µ/µ, may be derived from the spectrum in a comprehensive fit. In such a fit the molecular physics information on the wavelengths λ 0 i , the oscillator strength f i , and the natural lifetime broadening parameters Γ i for each H 2 line is fixed, the values for the sensitivity coefficients K i inserted, and the physical parameters describing the absorbing medium, such as the Doppler width b, the column densities for each J-level N J and the redshift z abs are fitted to model the spectrum. From the resulting values of N J it is found that typical population temperatures of 50 K are found in most cases, although the populations do not exactly represent a Boltzmann distribution. In all cases only absorption from the lowest v = 0 vibrational level is observed for rotational states J = 0 − 5. Hence the dipole allowed absorption spectrum lies shortward of 1120 A and extends to the Lyman cutoff of 912Å, thus covering the
Lyman bands from (0,0) up to (17, 0) and the
Werner bands up to (4, 0) . In several cases absorption lines of deuterated hydrogen HD are observed and included in the analysis, by comparing to accurate laboratory wavelengths [25] and invoking calculated sensitivity coefficients [26] . For HD only R(0) lines are observed. Due to the opacity of the Earth's atmosphere (transparency for λ > 300 nm) only for systems of redshift z > 2 a significant number of absorption lines can be observed with ground based telescopes.
In Fig. 1 six different H 2 absorption spectra at redshifts in the range z = 2.0 − 4.2 are displayed as observed in the line of sight of quasars. Each system displays a number of distinct velocity features, ranging from a single feature as in B0642-5038 to seven distinct features as in Q2348-011. In Fig. 1 information about quasar data is compiled from original analyses for quasars J2123-0050 at z = 2.0594 [27, 28] for Q2348-011 at z = 4.266 [29] , for B0642-5038 at z = 2.6586 [30] , for J1237+0647 at z = 2.6895 [31] , Q0528-250 at z = 2.811 [32] , and for J1443+2724 at z = 4.224 [14] . In some panels, blends with typical Lyman-α forest lines are seen, like for the R(1) line in B0642-5038 and in J1443+2724. Such features have to be included in the fitting procedure. In a final analysis of each individual spectrum the parameter ∆µ/µ is included as a fitting parameter and determined. The uncertainty in the relative variation of this fundamental constant is obtained from the covariance matrix. After having performed the comprehensive fitting analysis of the six systems presented in Fig. 1 , and the additional works on systems HE0027-1836 [33] , Q0347-383 [34, 35, 36] , Q0405-443 [34, 35] , and Q1232+082 [37] an overall average is obtained of ∆µ/µ = (3.1 ± 1.6) × 10 −6 in the redshift interval z = 2.0 − 4.2, so for look-back times of 10. 5-12.4 Gyrs. This finding of a positive value for ∆µ/µ at the 1.9σ significance level is too small to be interpreted as evidence for a variation of a fundamental constant, and is interpreted as a null result: a constraint on a variation of the proton-electron mass ratio of |∆µ/µ| < 5 × 10 −6 (at 3σ).
A gravitational dependence of the protonelectron mass ratio
The spectrum of molecular hydrogen can also be employed to probe a possible dependence of the proton-electron mass ratio µ on environmental conditions, connecting to the chameleon scenario for varying constants [38] . In the photosphere near the surface of collapsed stars, also known as white dwarfs, the gravitational field is some 10 4 times stronger than at the Earth's surface. Hence the absorption spectra of H 2 , in rare cases observed from such photospheres [39] , transfer a fingerprint of the value of µ existing in extreme gravitational field conditions [40] . Fig. 2 displays part of the absorption spectrum of the white dwarf GD133 as observed with the Cosmic Origins Spectrograph aboard the Hubble Space Telescope. The spectrum consists of a large number of blended absorption lines in the range 1310-1410Å, which can be assigned to absorptions in Lyman bands largest intensities in bands (0,3), (0,4), and (1,3). The spectrum of this white dwarf is observed in our Galaxy, and is therefore not affected by a cosmological redshift, but the gravitational potential induces a gravitational redshift to the spectrum of
where G is Newton's constant, c the speed of light, and M and R the mass and the radius of the white dwarf star. The experimental spectrum is compared to a spectral model function S(λ) for H 2 described as: (4) with N c a total column density of absorbing H 2 , P v ,J (T ) the partition function representing the quantum state populations as a function of temperature and including a 3:1 ortho-para distribution, and f v ,J ,v ,J the oscillator strengths for individual transitions, which were calculated with ab initio methods [41] . This spectral function was implemented into a fitting routine, where for each spectral line a Lorentzian width Γ i corresponding to the excited state lifetime was convolved with a Doppler width b. In the fit N c , b, the temperature T , the gravitational redshift z G and ∆µ/µ were optimized. A good reproduction of the GD-133 spectrum was obtained for a temperature T = 11100 ± 470 K, a Doppler shift b = 14.5 ± 0.6 km/s, a column density log N c = 15.817 ± 0.007, and a redshift z G = 0.0001819 (11) [41] . The high temperature explains why the populated vibrational levels v = 3 and 4 contribute to the spectrum and why so many H 2 absorption lines lend intensity to the spectrum. In the modeling of the GD-133 spectrum over a thousand H 2 lines are included, represented by the sticks in Fig. 2 .
The comprehensive fit of the GD-133 white dwarf spectrum returns a value of ∆µ/µ = (−2.3 ± 4.7) × 10 −5 delivering a constraint on a dependence of the proton-electron mass ratio on a gravitational potential of φ GD−133 = 1.2×10 −4 , which may be compared with the gravitational potential at the Earth's surface of φ E = 9.8 × 10 −9 . Note that here the dimensionless gravitational potential is defined as φ = GM/Rc
2 . An analysis has been performed for another white dwarf GD29-38 yielding a similar result [40, 41] .
Laser precision metrology of H 2
In recent years great progress is made in both the experimental and theoretical determination of level energies of rovibrational quantum states in the X 1 Σ + g electronic ground state of the hydrogen molecule and its isotopomers. In a combined effort by the Zürich and Amsterdam laser precision spectroscopy teams the ionization potential (IP) of the H 2 molecule has been measured following scheme I as illustrated in Fig. 3 . This work is based on the concept that an accurate value of the dissociation limit can be derived from a measurement of the IP, as was previously shown [42, 43] . The dissociation limit is a well-calculable benchmark property of the canonical molecular quantum system. Scheme I in Fig. 3 represents a combination of three separate measurements to determine the IP. Firstly, measurements were performed on the largest energy splitting between of the
system, via deep-UV Doppler-free two-photon laser spectroscopy [22] . Secondly, the frequency gap between the EF 1 Σ + g state and a 54p Rydberg state was measured in single-photon excitation in a molecular beam at 397 nm [44] . Thirdly, a mm-wave experiment using radiation at wavelengths of 0.23 mm was performed to measure level splittings between Rydberg states and extrapolate to the IP using multichannel quantum defect theory [45] . The combination of these three independent measurements yields an experimental value for the IP of H 2 [44] . From a measurement of the IP-limit E IP (H 2 ) a value of the dissociation limit D 0 (H 2 ) can be derived through a thermodynamic cycle
as is also illustrated graphically in Fig. 3b . The dissociation energy of the molecular ion D 0 (H + 2 ) can be calculated to high accuracy [46] , while an accurate value for the atomic ionization potential E IP (H) is known from experiment and theory [47] . By this three-step sequence of precision measurements the ionization potentials and dissociation limits were determined for the stable isotopomers of neutral hydrogen, H 2 [44] , D 2 [48] , and HD [49] at an accuracy of 4 × 10 −4 cm −1 . Results of these experimental studies are listed in Table 1 .
An important benchmark for a precision study in neutral molecules is the measurement of the fundamental vibration of the hydrogen molecule, i.e. the energy splitting between v = 0 and v = 1 levels in the ground electronic state. Experimental studies thereof had been performed in the past via the very weak quadrupole absorption spectrum in the infrared range [50, 51] or via the Raman spectrum [52, 53] . Both approaches suffer from the effect of Doppler broadening, while the infrared measurement is also affected by collisional broadening and shifts, since the weak absorptions can only be observed at elevated pressures.
A novel approach was undertaken to measure the vibrational splitting v = 0 → 1 via the combination difference in electronic transitions cm −1 [54] and listed in Table 1 . These splittings were also measured for J = 1 and J = 2 for the three isotopomers at the same accuracy [55] .
Additional experiments have been performed to determine precise level energies of either rotationally or vibrationally excited quantum states in the X 1 Σ One application is the precise measurement of highly excited rotational levels in the v = 0 ground state manifold of H 2 X 1 Σ + g [56] . The H 2 molecular quantum states of high rotational quantum number were prepared via an ultraviolet photolysis reaction [65, 66] :
and a subsequent chemical reaction:
thus giving access to states of up to J = 16. By making use of the calibrated EF 1 Σ + g (v = 0, J * ) anchor levels and exciting these via two-photon Doppler-free spectroscopy, the binding energies of these high rotational states could be experimentally determined at accuracies of 0.005 cm −1 [56] . In the most recent experimental study highlyexcited vibrational levels in H 2 were investigated lying only some 2000 cm −1 below the dissociation threshold [59] . Production of vibrational states in v = 12 was accomplished via two-photon UVphotolysis of H 2 S [67] . A separate narrowband UVlaser was employed to perform the spectroscopy, displayed as scheme III in Fig. 3 . Again two-photon Doppler-free spectroscopy with counter-propagating beams was applied, now exciting the EF 1 Σ + g v = 5 levels in H 2 , corresponding to the third level F (3) in the outer well of the EF 1 Σ + g double-well potential, for which level energies had been calibrated [23] . This spectroscopic experiment led to values for the binding energies of levels v = 12, J = 0 − 3 at an accuracy of 3.5 × 10 −3 cm −1 [59] . This accuracy is somewhat lower than for the vibrational ground tone measurements, due to the rather large AC-Stark effects induced in the experiments by the intense laser pulses required when probing the low densities of prepared H 2 (v * = 12) states. The data on the experiments discussed are presented in Table 1 , which also includes the results of direct measurements of quadrupole transitions in the hydrogen isotopomers, in particular on the (2,0) overtone in H 2 [68, 57] , the (3,0) overtone in H 2 [69, 58, 70] and the (2,0) overtone in D 2 [60] . For convenience of comparison Table 1 lists values in units of MHz.
Laser precision metrology of HD
+ and H
+ 2
The hydrogen molecular ion is an alternative benchmark system for testing first principles QED calculations in experiment [71] . Being a charged particle it can be subjected to electromagnetic confinement in an ion trap, which has been applied in particular in studies of the HD + ion [72] . Such measurement conditions bear the advantage that extended excitation times can be realized, coping with the weak dipole polarizabilities even in high-order overtone transitions. Moreover, the ions can be sympathetically laser-cooled by adding Be + -ions inside the ion trap, thus reaching mK temperatures at which the Doppler broadening is greatly reduced [63] . The laser cooling of two-species ionic ensembles can be pushed to produce Coulomb crystals in which the lighter HD + particles are confined to the axis of the trap where the electromagnetic fields are zero. The position of the different ions inside a linear Paul trap can be monitored on-line by recording the Be + fluorescence with an imaging camera as is shown in Fig. 4 , which was produced with our HD + ion trap experiment in Amsterdam [73] .
The detection of the HD + resonance is accomplished by measuring the loss of HD + ions from the trap in a resonance-enhanced multi-photon dissociation (REMPD) scheme as illustrated in A green laser at 532 nm is used to photolyse the excited HD + ions via a repulsive state in the ion. Also a proposed two-photon scheme is displayed which will excite the v = 9 state using the v = 4 state as a near-resonant intermediate, using lasers at wavelengths of 1442 nm and 1445 nm, to enter the Lamb-Dicke regime to provide Doppler-free conditions.
(1,0) [62] bands are included in + where electric dipole transitions are allowed, unlike for the homo-nuclear species. Alternatively, the spectroscopy of the H + 2 ion can be approached through measurements on the Rydberg states of the neutral hydrogen molecule, as had been done in the 1990s in measuring the hyperfine structure [79] . The Zürich group applied laser excitation of Rydberg states of neutral H 2 and subsequent millimeter (mm)-wave radiation to probe the level structure of the Rydberg manifolds at principal quantum numbers at n = 50 − 60 [45] . Accurate values for the binding energies of the neutral states could be determined and by application of Multi-channel Quantum Defect Theory an extrapolation could be made for n → ∞, yielding results on ionic states, for all three isotopomers [80] . Remarkably, in these studies the complex hyperfine structure of the ionic cores was better resolved than in the direct measurements on the ions, due to the smaller Doppler broadening achievable in mm-wave spectroscopy. Recently, this technique was implemented to measure the N = 0 → N = 2 rotational level splitting in para-H Table 1 .
Comparison with QED-calculations
Simultaneously with the reports on improved measurements of the dissociation limits of the neutral hydrogen isotopomers H 2 , HD, and D 2 , novel ab initio calculations on the rovibratonal levels of these species were performed in the framework of non-relativistic quantum electrodynamics and an evaluation in orders of the electromagnetic coupling constant α:
The non-relativistic energy E (0) is calculated via an accurate Born-Oppenheimer potential [81] , where adiabatic and non-adiabatic corrections are calculated in a perturbative approach yielding nonrelativistic binding energies for all rovibrational levels [82] . For the first time accurate relativistic corrections of order α 2 and QED-contributions of order α 3 were calculated, while an estimate of QEDcontributions of order α 4 was made, thus leading to an accurate value for the dissociation limits for H 2 and D 2 [83] , and a full set of binding energies of all (v, J) rovibrational levels in the X 1 Σ + g electronic ground state for H 2 and D 2 [84] and for HD [85] . Typical accuracies for the binding energies are 10 −3 cm −1 with some variation over the (v, J) set. These calculations now stand as the benchmark for comparison with experiments as test of QED in molecular systems. They constitute an order of magnitude improvement over the previous reference values for the binding energies of (v, J) rovibrational levels by Wolniewicz [86, 87] . It is for the first time that QED-phenomena in neutral molecules are explicitly calculated, leading to a precision competitive with experiment. In Fig. 6 the values for the correction terms to the Born-Oppenheimer energies, the adiabatic and non-adiabatic as well as the combined relativistic and QED corrections are plotted. Also included in the figure are the uncertainties as currently obtained from first principles calculations. All values in Fig. 6 are restricted to J = 0 states. The latter values provide insight into approaches to test the QED calculations, with the largest uncertainties remaining for vibrational levels v = 9 − 10.
Results from the calculations are also included in Table 1 . The uncertainties obtained are listed as theoretical uncertainties δE calc and the deviations between experiment and theory are included as ∆E. Uncertainties from theory and experiment are added in quadrature to obtain values:
which are considered as the 1σ combined uncertainties for testing theory. Comparison between the combined uncertainties δE and the deviations ∆E provides a test of QED calculations in these neutral molecular systems. For all cases it is found that ∆E < δE, except for the ground tone vibration in H 2 , where the deviation is just slightly over 1σ [54] . For the four measurements on level energies in v = 12 of H 2 [59] the deviation ∆E is averaged and the result is in agreement with QED. This leads us to conclude that QED-theory is found in agreement with the precision measurements on H 2 , HD and D 2 , within the uncertainties as listed. This holds for the J = 0 levels as represented in Table 1 , but also for the rotational states up to J = 16 [56] . It is noted here that the hyperfine structure in the neutral molecules is neglected in this treatment. From the measurements on the hyperfine structure performed by Ramsey and coworkers in the 1950s it was established that the hyperfine splittings for the J = 1 ortho-levels in H 2 is below 0.5 MHz [88] , while it is even smaller in the deuterated molecules because of the smaller nuclear g-factor of the deuteron, with respect to that of the proton. The para-levels in H 2 do not exhibit hyperfine structure. It is therefore safe to assume that hyperfine structure does not play a role for QED-tests in the neutral hydrogen molecules, at the present level of accuracy.
For the HD + molecular ion the calculations of Moss had long stood as the most accurate [89] . These calculations did not include hyperfine structure and they were performed in the framework of the BornOppenheimer approximation. In recent years, the hyperfine structure of the molecular hydrogen ions was revisited in a series of theoretical works [74, 90, 91] . The highest precision so far has been achieved for H + 2 , and excellent agreement with measured hyperfine intervals [92, 93] was found [94] .
This gives confidence that the hyperfine structure in HD + is understood as well. Alternatively, the HD + ion was considered as a three-body Coulomb system for which variational calculations were performed, bypassing the Born-Oppenheimer approximation [95] .
Subsequently leading-order relativistic and radiative corrections were computed [96] , as well as higher order QED-terms mα 6 [46] and mα 7 [97] , leading to transition frequencies for HD + below the 0.1 ppblevel [98] . This makes these calculations more accurate than those for the neutral hydrogen four-particle molecules where electron correlation plays a complicating role.
Results from calculations for transitions between rovibrational states in HD + are included in Table 1 and compared to observations, again deducing δE and ∆E values. While the experimental and theoretical findings for the (4,0) [63] and (8,0) [64] bands produce agreement within 1σ, the result of the (1,0) band shows a deviation at the 2.4σ level. The discrepancy is considered insufficient to call for a disagreement with QED and is treated as an outlier within the full data set of experimental level energies to be compared with theory.
Constraints on physics beyond the Standard Model
In the previous section a number of recent precision measurements on level energies and level splittings in the neutral and ionic hydrogen molecules has led to the conclusion that measurements are in agreement with calculations in the framework of QED. For all entries (except that for the (1,0) transition in HD + ) in Table 1 the relation ∆E < δE was verified. The δE values may serve as input for the search for physics beyond the Standard Model (BSM), which can be cast in terms of mathematical tests in which expectation values V BSM of quantum mechanical operators relating to new physical phenomena can be calculated and compared with the existing constraints on QED. This concept was recently applied to two possible extensions of the Standard Model, one relating to the possible existence of a fifth force acting between hadronic particles within molecules [99, 100] and one related to the possible existence of extra dimensions [101] . Constraints on BSM-physics are then given by the inequality relation:
Constraints on fifth forces
In molecular systems gravity is very weak, as the gravitational field between two protons is weaker than the electromagnetic field by V G /V EM = 8 × 10 −37 . The strong interaction is confined to femtometer-scale distances and therefore negligible at theÅ length scale of a chemical bond in molecules. This nuclear force exhibits an influence on the shape of the electronic wavefunction and hyperfine structure through nuclear finite-size effects. These contributions are well known and readily taken into account. Due to the smallness of these effects, the discrepancy between proton size values obtained from different methods (the proton size puzzle [102] ) does not play a significant role in the present work. The weak interaction is also extremely small, below the Hz level, in the hydrogen atom [103] , and by proxy it is assumed to be similarly small in the lightest molecules H 2 and H + 2 . This implies that experimental tests of transition frequencies and level energies as calculated by QED in fact represent tests of the Standard of Model of physics; only the electromagnetic interaction is to be considered when describing the structure of molecules.
The occurrence of a hypothetical fifth force can be expressed in terms of a Yukawa potential of the form [99] :
where α 5 is the coupling strength of this force, in analogy with the fine structure constant α EM , and λ is the range of the force. In a quantum field approach this force is then mediated by the exchange of force-carrying bosonic particles of mass m 5 =h/λc. In the followingh = c = 1 is adopted and we restrict the treatment to hypothetical fifth forces between hadronic particles for which nucleon numbers N 1 and N 2 are included, N = 1 for the proton and N = 2 for the deuteron. The effect of the fifth force on the energy of a molecular state Ψ v,J can be calculated as an expectation value with
In this treatment the range of the force λ is retained as a parameter, while the expectation value can be numerically evaluated by inserting the well-known wave functions Ψ v,J (r) for the quantum states of the H 2 molecules, their isotopomers, and the HD + ion, by integrating over the coordinate r representing the internuclear distance in the molecule. This effect of a fifth force on level energies can be extended to transition frequencies by calculating the differences in expectation values for ground states Ψ v ,J and excited states Ψ v ,J , represented by ∆Y λ .
Constraints on a fifth force can be derived by combining Eq. (12) and Eq. (10) to [101] :
and computing the fifth force expectation value for each specific precision measurement and for each value of the range parameter λ. This then results in the constraints as graphically represented in Fig. 7 .
The figure shows that the result of the measurement on the (8,0) high overtone band HD + yields the strongest constraint. This is caused by the fact that the wave function densities and average internuclear distance of v = 8 deviate more strongly from the ground state wave function v = 0 in comparison to the other wave functions probed, v = 1 [62] and v = 4 [63] . The measurements in HD + are currently more accurate than for H 2 , but the effect of the smaller equilibrium distance in H 2 with respect to HD + is reflected in a steeper decline of the constraint for the ions below 0.3Å. Note also that constraints from D 2 are tighter than those from H 2 because of the N 1 N 2 factor. Note, however, that this is based on the assumption that protons and neutrons deliver an additive contribution to the fifth force acting between hadrons. The figure also shows how the values for the dissociation energy D 0 are more constraining than those of the fundamental vibration measured at higher accuracy. This is because the dissociation limit corresponds to a state with r → ∞.
Constraints on extra dimensions
A similar reasoning can be followed when considering the effect of extra dimensions. A theory was developed by Arkani-Hamed and coworkers [104, 105] , known as ADD-theory, postulating that the three forces of the Standard Model act in three dimensions (on a 3-brane), while gravity may act in a higher (3 + n e )-dimensional space, where n e refers to the number of extra dimensions. As it turns out the effects of gravity become larger in higher dimensional space. The extra dimensions, if existent, should not extend over large distances otherwise it would be in contradiction with observations. As was postulated already in 1926 by Klein the extra dimensions might exist nevertheless in compactified form [106] . In our analysis we assume further that the entire molecule of size R mol ∼ 1Å is contained within the compactification length R c of the extra dimensions, so that it effectively probes the higher-dimensional space. This assumption can be made, since the bounds on extra dimensions have not yet been experimentally limited to this molecular scale. Indeed, as the outcome of the present analysis we find R c > R mol .
Salumbides et al. [101] applied the concepts of ADD-theory in a phenomenological fashion to diatomic molecules where the two nuclei are considered to act as test bodies in a Cavendish-type gravity experiment. Again, as in the case of the fifth force, the expectation value V ADD of this potential is calculated in a perturbative manner by integrating over the molecular wave function Ψ(r). While in the previous analysis [101] geometrical prefactors, related to volumes and surfaces of hyperspheres, had been ignored, these prefactors will be included here, giving rise to a small numerical adaptation of results.
The flux conservation law for the gravitational force F or the gravitational field g = F /m acting on a test mass m can be recast in n dimensions as
where G n is the gravitational constant and M the mass contained within the spherical volume V n . Assuming that F is spherically symmetric (equivalent to the requirement that ∇ × F = 0), the choice of an n-dimensional hypersphere as the enclosing Gaussian volume simplifies the integration. The integral is taken over the hypersurface surrounding the ndimensional hypersphere, defined as an (n − 1) dimensional surface A n , which relates to the volume V n of the n-dimensional hypersphere with radius r via A n = nV n /r, yielding:
whereÂ n is the surface area for a unit hypersphere (r = 1). This then yields an equation for Newton's law in n dimensions as:
where the Newtonian inverse square law dependence is recovered for 3 dimensions. Note that G n have different dimensional units when compared to the (3-dimensional) gravitational constant G 3 = G. Following the analysis of [? ] , assuming that the n e extra spatial dimensions have the same compactification length R c , the n-dimensional force F n can be derived in the limiting case when r R c to be
This should be in correspondence with normal Newtonian gravity, i.e. F n → F 3 as R c /r → 0, which implies that the factor inside the braces {...} is equivalent to the 3-dimensional gravitational constant G. Indeed the definition for the gravitational constant (G n ) for the case of n-dimensions:
is the very solution invoked in ADD theory [? ] to solve the hierarchy problem on the weakness of gravity compared to the other SM interactions.
The n-dimensional gravitational potential can be derived via the relation F n = −∇V n , yielding
where G n has been expressed in terms of G. Note that the geometrical prefactor [f ] for the potential:
scales differently as a function of n, but reduces to [f 3 ]=1 for 3-dimensional space. However for extra dimensions the prefactor becomes [
The extra-dimensional gravitational potential of ADD-theory (within the compactification radius r < R c ) is expressed in a convenient form for application in molecular theory as
where M = m = m p is set to be the nucleon mass(es), α G = Gm the attracting bodies. Outside the compactification radius (r > R c ) gravity is assumed to follow the 3-dimensional Newtonian law:
which will also be used for scaling purposes. The perturbative effect on a quantum state is then, again following [101] :
where the number of extra dimensions n e and the compactification radius R c (taken equal for all extra dimensions) are retained as parameters. Similarly as in the case of the fifth force treatment a perturbative effect can also be calculated on a transition frequency by taking the differing perturbations on the ground and excited quantum states.
The experimental data are then implemented, as prescribed in Eq. (10), to constrain the sizes of the extra dimensions for each number of extra dimensions n e by:
Ψg −1 (25) with calculation of the expectation values for ground Ψ g and excited Ψ e states in a transition. Hence constraints on the compactification radius R c can be deduced for cases of differing n e extra dimensions. For the special case of the measurement of the (8,0) band of HD + results are graphically displayed in Fig. 8 . In the figure the extra-dimensional contribution to gravity as represented by V ADD is scaled to normal gravity V N , thus demonstrating that the effect of the former is much larger.
From Fig. 8 a constraint on a compactification radius can be read for each number n e . In particular for the special case of the M-theory which lives in 10 spatial dimensions [108] a constraint follows of R c < 0.6 µm, under the assumption that all extra dimensions have equal extension.
Outlook and perspective
Some 10 H 2 absorption systems at high redshift in the range z = 2.0 − 4.2 have been analyzed from spectra observed with the best large dish optical telescopes of the 8-10m class (ESO Very Large Telescope at Paranal, Chile, and the Keck telescope at Hawaii) equipped with high resolution spectrometers resulting in a constraint on a varying proton-electron mass ratio of |∆µ/µ| < 5 × 10 −6 at 3σ. With current technologies no decisive improvements are expected, although in a quest for varying constants even incremental improvements are valuable. A number of 23 additional H 2 absorbers have been identified [109] , some of which apparently of the same quality as the 10 already analyzed in detail. Another set of 23 systems is reported exhibiting certain or only tentative detection of H 2 [110] . Improvements on the quality of data can be accomplished with the planned larger dish telescopes (the European Extremely Large Telescope, the Thirty-Meter-Telescope, and the Giant Magellan Telescope) and with the use of fiber-fed spectrometers (like ESPRESSO [111] planned for the VLT), as well as the use of frequency-comb assisted frequency calibration [112, 113] . This should lead to at least an order-of-magnitude tighter constraint on a varying µ.
Detection of H + 2 ions in space, either at high redshift or galactic, might impose similar constraints on varying constants. Attempts to detect these ionic forms of hydrogen molecules have been unsuccessful so far, despite dedicated searches by radio astronomy on the spin-splitting resonance at ∼ 1.4 GHz [114, 115] . Also searches for vibrationally excited states have been performed [116] [118] has ever been spectroscopically observed, neither in space nor in the laboratory. This is due to the fact that the electronically excited states (3dσ, 2pπ, 3dπ, etc.) have potential wells lying at such large internuclear separation that only FranckCondon allowed decay is possible to very highest vibrational levels and the dissociation continuum of the 1sσ ground state. Such decay would produce radiation of ∼ 10 eV, hence in the vacuum ultraviolet part of the spectrum. An exception is the 2pσ state which exhibits a strongly repulsive well, but supports nevertheless some weakly bound states at larger internuclear separation, which were observed through microwave spectroscopy in H + 2 [119] and in HD + [120] . As for laboratory measurements it is noted that, since the advent of quantum mechanics, progress in measurements and theory of the dissociation limit of H 2 has been mutually stimulating, therewith producing steady progress. This history, both for theoretical and experimental advances, is presented in Fig. 9 in terms of the accuracy of the values determined. The data on theory starts with the calculation by Heitler and London [121] mainly aiming at the quantum me- chanical explanation that the ground state of the H 2 is bound. Thereafter a great number of calculations were performed of ever increasing accuracy. As is common for ab initio calculations, uncertainties were not explicitly stated, and in Fig. 9 estimates of uncertainties were derived from the number of digits given in the original papers. However, in view of the fact that QED-effects were not explicitly calculated the accuracies are estimated to be limited to 5 × 10 [135, 136, 137, 87] . The results of some of those calculations appeared to be accurate, but that is due to the fact that not-addressed relativistic and QEDcontributions cancel for a large part. Only for the final insert the ab initio calculation explicitly includes relativistic and QED-effects up to α 4 [83] achieving an accuracy of 1.0 × 10
The first experimental determination of the hydrogen dissociation energy was established just before the advent of quantum mechanical calculations in 1926 [138] . This measurement was superseded over the years by experimental studies of increasing accu-racy with the most accurate measurement achieving a precision of 4 × 10 −4 cm −1 [44] . Fig. 9 demonstrates how the improvement in the accuracy of this benchmark value of molecular physics has increased by some seven orders of magnitude in less than a century, and how the improvement of experiment and theory have gone hand-in-hand.
For the future a number of possible improvements may be identified. Through the measurement of the binding energy of the GK 1 Σ + g , v = 1 state [150] a novel route for bridging the gap between the electronic ground state and the IP-limit is opened, as an alternative to the EF 1 Σ + g , v = 0 state as an intermediate (see also Fig. 3a ). This novel route involves only a two-step process, instead of the three-step process via EF 1 Σ + g . It requires however Dopplerfree 2-photon excitation at λ = 179 nm, which could possibly be generated at sufficient intensity by harmonic upconversion in a KBBF crystal [151] . Another prospect for improvement is in the remeasurement of the anchor lines, either of the EF 1 Σ + g state or the GK 1 Σ + g state, using Ramsey-comb spectroscopy with ultrafast laser pulses [152, 153] . In this case excitation takes place with two ultrafast phase-locked laser pulses derived from a frequency comb laser. Ramsey spectroscopy signal can be obtained by varying the delay between the pulses on two different time scales via adjustments of the frequency comb laser. From a series of Ramsey signals the transition frequencies can be obtained with possibly two orders of magnitude improved accuracy (< 100 kHz) compared to the single-nanosecond pulse excitation technique used so far.
On the theory side improvements have been made recently in accurate calculations of H 2 level energies, in particular for the adiabatic corrections [154] and the non-adiabatic corrections [155] . For a comparison with experiment and more stringent test of QED in molecular systems further improvements on the calculations of relativistic and QED contributions are awaited. Experimental work on H 2 at increasing accuracy may also provide a handle to target u − g symmetry-breaking effects in the homo-nuclear species, calculated to be at the 10 −6 cm −1 level [156] for the very highest vibrational states, which might be probed by the photolysis preparation methods explored [59] . Tests of QED in neutral molecules can be extended to tritium containing nuclei, already included in the calculations, while only few experimental studies have been performed [157, 158] .
For the more distant future it may be noted that the lifetimes of the (v, J) rovibrational levels of the X 1 Σ + g electronic ground state of H 2 are in the range of 10 6 seconds [159, 160] . When performing measurements at infrared frequencies, i.e. probing quadrupole transitions, of some 10
14 Hz, the spectral lines exhibit a natural line width of 10 −20 of the transition frequency, which might in principle allow for a 20-digit determination of level energies to be compared with theory. Of course many experimental difficulties need to be overcome to reach such accuracies, where activities in decelerating, cooling and trapping of H 2 [161, 162] may become useful ingredients. In any case there exists a vast "room-at-thebottom" for improving precision metrology of neutral hydrogen in search for new physics.
For the charged hydrogen molecule the precision achieved in theory is much higher, with calculations up to order α 7 , while experiments on HD + are currently the most accurate, and the most constraining for testing new physics (see e.g. Fig. 7 ). Prospects are that accuracy can be improved and proposals for molecular clocks based on hydrogen molecular ions are discussed [76, 163] . A value of the proton-electron mass ratio µ can ultimately be determined from spectroscopy, as was already postulated long time ago by Wing et al. [164] . Calculations of level energies have recently reached a precision at which they are limited by the value of µ rather than the theoretical methods, while the sensitivity on other fundamental constants such as the deuteron-proton mass ratio and the proton size has become significant [97, 98] . Experiments for the charged species are however much less accurate than theory, even with the trapping and laser-cooling methods applied.
Spectroscopy of improved precision in the HD + -ion trap can be achieved by Doppler-free two-photon laser excitation with counter-propagating beams. Transition probabilities were found to be weak using degenerate two-photon excitation [165] . A scheme based on two-photon excitation with near-degenerate laser beams was proposed bearing the advantage of increased transition probabilities [166] . In a scheme where two different wavelengths are imposed (see Fig. 5 ), involving a first the transition v = 0 → v = 4 at λ = 1442 nm and a second transition v = 4 → v = 9 at λ = 1445 nm, the Lamb-Dicke regime can be reached. This makes this measurement measurement scheme essentially Doppler-free if counterpropagating laser beams are used. Calculations and numerical simulations have shown that accuracies at the 10 −14 level can be reached [166] , therewith providing a greatly enhanced accuracy on the transition frequencies in HD + . This will produce much tighter constraints on fifth forces and extra dimensions, in addition to a competitive value of the proton-electron mass ratio µ.
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